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. , $n$
$K$ , secondary Chern character $e$





$R$. . $n$ $\Sigma$
$\alpha$ : $\pi_{1}\Sigmaarrow GL_{N}(R)$ . $f$ : $\Sigmaarrow BGL_{N}(R)$ $\alpha$
, $BGL_{N}(R)arrow BGL(R)$
( , $GL(R)=\underline{1\mathrm{i}} GL_{N}(R)$), Quillen ( )
,
$S^{n}\simeq\Sigma^{+}arrow BGL^{+}(R)$




, Connes Karoubi [11] , secondary Chern character









Adams $e$- (secondary Chern
character ). $X$ $n$ (
) . Pontrjagin-Thom ,
[22].
, $n$ $X$ ( ) $\pi$ $X$
( , up to homotopy )
. , $[X, \pi]\in\pi_{n}^{s}$ .
$n=4k-1$ Adams e-
$e$ : $\pi_{4k-1}^{s}arrow \mathbb{Q}/\mathbb{Z}$
( Conner-Floyd ). $4k-1$
[22], $X$ , $X$
$\pi$
$4k$
$\mathrm{Y}$ . , $\mathrm{Y}$ $X$
$\pi$ , Pontrjagin $p_{j}$ $H^{*}(\mathrm{Y}, X)$
. $\hat{A}(\mathrm{Y})$ $\mathrm{Y}$ $\hat{A}$- (Hirzebruch A^-
($p_{j}$ ) $\mathrm{Y}$ ) ,
Adams
$e[X, \pi]=\{$
$\hat{A}(Y)$ $\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}$ $(k:\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n})$
$. \frac{1}{2}\hat{A}(\mathrm{Y})$ $\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}$ $(k:\mathrm{o}\mathrm{d}\mathrm{d})$
. $\hat{A}(\mathrm{Y})$ ,
$\hat{A}$- [2] ( , $\dim \mathrm{Y}\equiv 4(\mathrm{m}\mathrm{o}\mathrm{d} 8)$ $\hat{A}(\mathrm{Y})$
2 ) , $e[X, \pi]$ $\mathbb{Q}/\mathbb{Z}$ well-defined ( $\mathrm{Y}$
) .
9
. , Adams e-
$X$ .
Atiyah-Patodi-Singer [4] .
( $\eta$- ) ([4] 4.14).




2. Secondary Chern character










, Karoubi [16] , $e$ .
, $K_{\mathrm{a}}^{0}(X, \mathbb{C})$ $K^{1}$ (X)c/
. $K_{\mathrm{a}}^{0}(X, \mathbb{C})$ , $R$




. $GL(R)=1\mathrm{i}\mathrm{a}\mathrm{e}GL_{n}(R)$ $\mathrm{R}\mathrm{e}\mathrm{p}(\pi_{1}X, GL(R))$ , $n$
10
$\pi_{1}Xarrow GL_{n}(R)$ . , $N>n,$ $m$
, $\pi_{1}Xarrow GL_{n}(R)$ $\pi_{1}Xarrow GL_{m}(R)$ $GL_{N}(R)$ [
, $n$ $m$ $\mathrm{R}\mathrm{e}\mathrm{p}(\pi_{1}X, GL(R))$
. $\mathrm{R}\mathrm{e}\mathrm{p}(\pi_{1}X, GL(R))$
.
$\pi_{1}Xarrow GL(R)$ $Xarrow BGL(R)$ ,
$BGL(R)arrow BGL^{+}(R)$ ,
$\mathrm{R}\mathrm{e}\mathrm{p}(\pi_{1}X, GL(R))arrow K_{\mathrm{a}}^{0}(X, R)$
. . $CW$
$X$ $F(X)$ ,
$\Phi$ : $\mathrm{R}\mathrm{e}\mathrm{p}(\pi_{1}X, GL(R))arrow F(X)$
,










$K$ $[X, BGL^{+}(R)]$ , $\mathrm{Y}arrow X$
$n$ $\rho$ : $\pi_{1}\mathrm{Y}arrow GL_{n}(R)$ .
$(\mathrm{Y}_{1}, \rho_{1})$ $(\mathrm{Y}_{2}, \rho_{2})$ $[X, BGL^{+}(R)]$ [ ,







(ii) $i\ovalbox{\tt\small REJECT} 1,2$ , $\pi_{1}\ovalbox{\tt\small REJECT}arrow\pi_{1}Z\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} GL_{N}(R)$ $\mathrm{P}\ovalbox{\tt\small REJECT}$
$\rho_{2}\ovalbox{\tt\small REJECT}\pi_{1}Zarrow GL_{N}(R)$ .
, K$1(X)_{\mathbb{C}/}$ (
Banach $\mathbb{C}$ Karoubi $K$ [16],[17] ). ,
$K^{\cdot}(X)_{\mathbb{C}/\mathrm{Z}}$ ,
$\ldotsarrow K^{:}(X)arrow K^{:}(X)_{\mathbb{C}}arrow K^{:}(X)_{\mathbb{C}/\mathrm{Z}}arrow K^{:-1}(X)arrow K^{:-1}(X)_{\mathbb{C}}arrow\cdots$ .
, Chern
$ch:K^{\cdot}(X)_{\mathbb{C}}arrow H^{\cdot}(X, \mathbb{C})$
( , $H.(X,$ $\mathbb{C})$ lz # $\mathbb{Z}/2$-graded ).
, $K^{1}(X)_{\mathbb{C}/\mathrm{Z}}$
. $\mathfrak{F}(ch)$ , Chern





, $X$ ( )
. $E$ , $\nabla_{F}$ $X$
$E,$ $F$ $X$ $\omega$






. , $ch(\nabla\ovalbox{\tt\small REJECT}$ $ch(\nabla_{F})$ $E$ $F$ Chern
Chern-We . $\mathcal{E},$ $\mathcal{E}’$
$\omega’\ovalbox{\tt\small REJECT}\omega+d\varphi$ . ,
$\mathcal{E}\oplus \mathcal{E}’=((E\oplus E’, \nabla_{E}\oplus\nabla_{E’}),$ $(F\oplus F’, \nabla_{F}\oplus\nabla_{F’}),\omega+\omega’)$
. , $E=F$ 0
$\omega=0$ .
, $\sim$ .
, $\mathcal{E}$ 0 . $V$ $V$
$X\mathrm{x}I$ . $\nabla_{V}$ Chern-Simons
$dTch(\nabla_{V})=ch(\nabla_{V_{1}})-ch(\nabla_{V_{0}})$ $(V_{t}--i_{t}^{*}(V), \nabla_{V_{t}}=i_{t}^{*}(\nabla_{V}))$
$X$ $Tch(\nabla_{V})$ .
, $V$ $X\cross I$ $V$
$(E, \nabla_{E})=(V_{0}, \nabla_{V_{0}})$ , $(F, \nabla_{F})=(V_{1}, \nabla_{V_{1}})$ , $\omega=Tch(\nabla_{V})$
,
$((E, \nabla_{E}),$ $(F, \nabla_{F}),$ $\omega)\sim 0$
. $\mathcal{E}=((E, \nabla_{E}),$ $(F, \nabla_{F}),$ $\omega)$ ,
$-\mathcal{E}$
$-\mathcal{E}=((F, \nabla_{F}),$ $(E, \nabla_{E}),$ $-\omega)$
. , $\sim$
$\mathcal{E}\sim \mathcal{E}’\Leftrightarrow \mathcal{E}-\mathcal{E}’\sim 0$
, $[\mathcal{E}]$ .
$[(E, \nabla_{E}), (E, \nabla_{E}), 0]=0$ , $-[\mathcal{E}]=[-\mathcal{E}]$
. ( [16] ).
1. $[(E, \nabla_{E}), (F, \nabla_{F}), \omega]$ $K^{1}$ (X)C7
.
13
,$\ldotsarrow K^{1}(X)\mathrm{c}arrow H^{\mathrm{o}\mathrm{d}\mathrm{d}}(X)\mathrm{c}arrow K^{1}p(X)_{\mathbb{C}/\mathrm{Z}}arrow K^{0}(X)4h\beta H^{\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}(X)_{\mathbb{C}}arrow\cdots$
$p(\varphi)=[(0,0), (0,0), \varphi]$ $(\varphi\in\Omega^{\mathrm{o}\mathrm{d}\mathrm{d}}(X, \mathbb{C}),$ $d\varphi=0)$
$\beta[(E, \nabla_{E}), (F, \nabla_{F}),\omega]=[E]-[F]$ .
, $[E]$ $[F]$ $K^{0}(X)$ $E,$ $F$
.
([16] 7 ).
, $e$ : $\mathrm{R}\mathrm{e}\mathrm{p}(\pi_{1}X, GL(\mathbb{C}))arrow K^{1}(X)_{\mathbb{C}/\mathrm{Z}}$
. $\alpha$ : $\pi_{1}Xarrow GL_{n}(\mathbb{C})$
$e(\alpha)=[(V_{\alpha}, \nabla_{\alpha}), (n, d), 0]$
. $V_{\alpha}$ $\alpha$ , $\nabla_{\alpha}$ $V_{\alpha}$






$\mathrm{R}\mathrm{e}\mathrm{p}(\pi_{1}X, GL(\mathbb{C}))arrow K_{\mathrm{a}}^{0}(X, \mathbb{C})$
$e$ : $\mathrm{R}\mathrm{e}\mathrm{p}(\pi_{1}X, GL(\mathbb{C}))arrow K^{1}(X)_{\mathbb{C}/\mathrm{Z}}$
,
$e:K_{\mathrm{a}}^{0}(X, \mathbb{C})arrow K^{1}(X)_{\mathbb{C}/\mathrm{Z}}$
( , $\tilde{e}$ ) . $X=S^{m}$
$K^{1}(S^{m})_{\mathbb{C}/\mathrm{Z}}=\{$
$\mathbb{C}/\mathbb{Z}$ ($m$ : odd)
0($m$ :even)
14
, secondary Chern character
$e$ : $K_{2n+1}(\mathbb{C})arrow \mathbb{C}/\mathbb{Z}$
.
, $e$ . ,
Suslin [23] $\mathrm{B}>\text{ }$ ,
$K_{2n+1}(\mathbb{C})\cong \mathbb{Q}/\mathbb{Z}\oplus F$
( $\mathrm{F}$ uniquely divisible group) ( ,
$e$ : $K_{1}(\mathbb{C})arrow \mathbb{C}/\mathbb{Z}$ ( ). , secondary Chern character
$e$ $K_{2n+1}(\mathbb{C})$ $\mathbb{Q}/\mathbb{Z}$
. , 3 $K_{3}(\mathbb{C})$
( ) .
, secondary Chern character $\mathrm{A}$





$\langle$ , $\rangle$ : $K_{1}(X)\cross K^{1}(X)_{\mathbb{C}/\mathbb{Z}}arrow \mathbb{C}/\mathbb{Z}$
. .
2. $\langle[A], e(\alpha)\rangle=\rho(\alpha, A)$ .
r .
3. k
$(2n+1)$- $\Sigma$ $\alpha$ : $\pi_{1}\Sigmaarrow GL_{N}(\mathbb{C})$
. $\alpha$ $\Sigma$ $V_{\alpha}$
. $H^{1}(\Sigma, \mathbb{Z}/2)=0$ $\Sigma$ , $\Sigma$
, Dirac
$D$ : $C^{\infty}(S)arrow C^{\infty}(S)$
15
. , $C^{\infty}(S)$ $\Sigma$ $S$ $C^{\infty}$
.
$V_{\alpha}$ Dirac $D$ $V_{\alpha}$
couple , twisted Dirac
$D_{\alpha}$ : $C^{\infty}(S\otimes V_{\alpha})arrow C^{\infty}(S\otimes V_{\alpha})$
. $\Sigma$ $D$
, $\alpha$ , D
. , D , \eta -
$\eta(s;D_{\alpha})$ D .
, $s$ . Atiyah-Patodi-Singer [4]
, \eta -
$\rho(\alpha, D)\in \mathbb{C}/\mathbb{Z}$
. $\rho(\alpha, D)$ ,
$X$ $\alpha$ : $\pi_{1}Xarrow GL_{N}(\mathbb{C})$
.
, $\rho(\alpha, D)$ .
$[3],[4],[5]$ .
$X$ $C^{\infty}$ $E$
$A$ : $C^{\infty}(E)arrow C^{\infty}(E)$
. $E$ , $A$







. , $(-1)^{s}=\exp(-\sqrt{-1}\pi s)$ .
16
$A$ , $\eta$- $[3],[4]$
[13] . , $A$
, Seeley . , Seeley
(Seeley [21]
ray of nimal growth ). $A$
ray , Seeley .
$\eta$- $\Re(s)$ , $A$ \eta -




$h$ $A$ null space , $A$
$A$ , $h$
. $\lambda$ $\lambda$




, $\alpha$ : $\pi_{1}\Sigmaarrow GL_{N}(\mathbb{C})$ ,




$\tilde{\xi}(s;\alpha, A)=\xi(s;\alpha, A)-N\xi(s;A)$ .
, Atiyah-Patodi-Singer [5] [ $\tilde{\xi}$ { $s=0$ , [
$\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}$ $\tilde{\xi}(\alpha, A)=\tilde{\xi}(0;\alpha, A)\in \mathbb{C}/\mathbb{Z}$ { $A$
. [4] & $1/[searrow]$
$\rho(\alpha, A)=\tilde{\xi}(0;\alpha, A)\in \mathbb{C}/\mathbb{Z}$
. Jones-Westbury .
17
3. $e[\Sigma, \alpha]=\rho(\alpha, D)\in \mathbb{C}/\mathbb{Z}$ .
$(2n+1)$- $\Sigma$ ,
$K_{1}(\Sigma)=K^{1}(\Sigma)=\mathbb{Z}$ , $K^{1}(\Sigma)_{\mathbb{C}/\mathrm{Z}}=K^{1}(\Sigma)\otimes \mathbb{C}/\mathbb{Z}=\mathbb{C}/\mathbb{Z}$
. , Dirac $D$ $[D]\in K_{1}(\Sigma)$
, 2
.
, Chern-Simons $\rho(\alpha, A)$
. .
$\alpha$ : $\pi_{1}Xarrow GL_{N}(\mathbb{C})$ Q
, $s$ Q $C^{\infty}$- . $A$ $X$
$\rho(\alpha, A)=\langle Tch(\alpha, s), ch(A)\rangle\in \mathbb{C}/\mathbb{Z}$
. $Tch(\alpha, s)$ Chern Chern-Simons
, $k$ $Tch_{k}(\alpha)\in\Omega^{2k-1}(Q_{\alpha}, \mathbb{C})$
$Tch_{k}( \alpha)=(-1)^{k-1}(\frac{\sqrt{-1}}{2\pi})^{k}\frac{(k-1)!}{(2k-1)!}\mathrm{t}\mathrm{r}(\theta^{2k-1})$
( $\theta$ ). $ch(A)$ $K$- Chern
$ch:K_{1}(X)arrow H_{M}(X, \mathbb{C})$ .
$s$ Q ,
$\langle Tch(Q_{\alpha}, s), ch(A)\rangle-\langle Tch(Q_{\alpha}, s’), ch(A)\rangle\in \mathbb{C}$
$X\cross S^{1}$ ,
. $\rho(\alpha, A)$ , $\mathrm{m}\mathrm{o}\mathrm{d} \mathbb{Z}$ $s$
.
4. ( 3 )
3 $X$ ( -1
) , $\rho$ . $X$
3 $\mathbb{H}^{3}$ , $\pi_{1}X$ $\mathbb{H}^{3}$
18
. $\mathbb{H}^{3}$ $PSL_{2}(\mathbb{C})$ , $\pi_{1}Xarrow PSL_{2}(\mathbb{C})$
. , $X$ $SL_{2}(\mathbb{C})$
1 1 , $\alpha$ : $\pi_{1}Xarrow SL_{2}(\mathbb{C})$
$X$ . $X$
Dirac $D$
4. $\rho(\alpha, D)=\frac{1}{2}CS(X)-\frac{\sqrt{-1}}{4\pi^{2}}\mathrm{V}\mathrm{o}\mathrm{l}(X)\in \mathbb{C}/\mathbb{Z}$ .
, $\mathrm{V}\mathrm{o}\mathrm{l}(X)$ $X$ . $CS(X)$ $X$ Chern-
Simons , . $Farrow X$ $X$
( $\epsilon \mathrm{o}(3)$ ) . $\gamma\in\Omega^{1}$ ( $F$, sO(3)) $F$
. Chern-Simons 3 $\varphi(\gamma)\in\Omega^{3}(F)$
. , Pontrjagin $p_{1}$ ,
$\varphi(\gamma)=Tp_{1}(\gamma)/2$
[10]. $X$ 3 , $F$ $\sigma$
, Chern-Simons
$CS(X)= \int_{X}\sigma^{*}\varphi(\gamma)\in \mathbb{R}/\mathbb{Z}$




, 3 4 , 3
$K_{3}(\mathbb{C})$ . , 3
Chern-Simons , $[X, \alpha]\in K_{\mathrm{a}}^{0}(X, \mathbb{C})$
. $K$ , $\mathbb{C}$ $K$





5. ( 3 )
, 3 K.
$e$ .
$(a_{1}, \cdots, a_{n})$ $n$ , $\Sigma(a_{1}, \cdots, a_{n})$
3 . ,
$\mathbb{Z}/a_{1},$
$\cdots,$ $\mathbb{Z}/a_{n}$ $n$ , $S^{1}$
3 . $G=\pi_{1}\Sigma(a_{1}, \cdots, a_{n})$
$\langle h, x_{1}, \cdots, x_{n}|[x_{\dot{*}}, h]=1, x_{1^{a_{1}}}=h^{-b_{1}}, \cdots, x_{n}^{a_{n}}=h^{-b_{n}}, x_{1}\cdots x_{n}=h^{-b_{0}}\rangle$.
, $b_{:}$ $\mathrm{m}\mathrm{o}\mathrm{d} a$:
$a_{1} \cdots a_{n}(-b_{0}+\frac{b_{1}}{a_{1}}+\cdots+\frac{b_{n}}{a_{n}})=1$
(
). $G$ ($G=[G,$ $G]$ ) ,
$\alpha$ : $Garrow GL_{N}(\mathbb{C})$ $SL_{N}(\mathbb{C})$ .
, $G$ . Schur
, $h$ .
$\alpha(h)=\lambda_{h}I$ $(\lambda_{h}\in \mathbb{C})$
. $\alpha(h)\in SL_{N}(\mathbb{C})$ , 1 $N$ $\zeta_{N}$
$\lambda_{h}=\zeta_{N}^{r_{h}}$
. $\alpha(x_{j})(1\leq j\leq n)$ , $G$
$x_{j^{a_{\mathrm{j}}}}=h^{-b_{\mathrm{j}}}$ , $\alpha(x_{j})$ $\lambda_{1}(j),$ $\cdots,$ $\lambda_{N}(j)$
$\lambda_{k}(j)^{a_{\mathrm{j}}}=\lambda_{h}^{-b_{j}}$ $(1 \leq k\leq N)$
. $\lambda_{k}(j)$ , $a_{j}$
, $s_{k}(j)(1\leq j\leq n, 1\leq k\leq N)$
$\lambda_{k}(j)=\zeta_{Na_{j}^{Ns_{k}(j)-b_{\mathrm{j}}r_{h}}}$ .
$s_{k}$ ( $\alpha$ .
20
$\not\in\not\in\ovalbox{\tt\small REJECT} 5$ . $-\mathrm{h}_{\mathrm{p}}^{\underline{\underline{=}}}\mathrm{E}^{\frac{-}{\overline{\overline{\beta}}}n}\mathrm{x}^{\mathrm{J}}\not\in\sigma)^{-}7$
$2N\Re$ (e[\Sigma (a . , $a_{n}$ ), $\alpha]$ ) $=- \sum_{j=1}^{n}\sum_{k=1}^{N}\sum_{l=1}^{N}\frac{a_{1}\cdots a_{n}}{2a_{j^{2}}}(s_{k}(j)-s_{l}(j))^{2}$ .
, $\alpha$
$\overline{\alpha}$






$\pi_{1}\Sigma(a_{1}, \cdots, a_{n})$ ,
.
6. $K_{3}(\mathbb{C})$ , $\alpha$ : $\pi_{1}\Sigma(p, q, r)arrow SL_{2}(\mathbb{C})$
( $[\Sigma(p, q, r), \alpha]$ .
, $SL_{2}(\mathbb{C})$ (
)
$\mathrm{H}\mathrm{o}\mathrm{m}(\pi_{1}\Sigma(p, q, r), SL_{2}(\mathbb{C}))/\sim$
$\cong\{(k, l, m)|0<k<p, 0<l<q, 0<m<r, k=l=m \mathrm{m}\mathrm{o}\mathrm{d} 2\}$
5 , $e[\Sigma(p, q, r), \alpha]$
. , $\alpha$ $\overline{\alpha}$ ( ,
$3\circ e=0$ ), secondary Chern character $e$
$4e[\Sigma(p, q, r), \alpha]=4\Re(e[\Sigma(p, q, r), \alpha])$
$=-( \frac{qrk^{2}}{p}+\frac{prl^{2}}{q}+\frac{pqm^{2}}{r})\in \mathbb{Q}/\mathbb{Z}\subset \mathbb{C}/\mathbb{Z}$
[ . { , $k=l=m=1$ , $4pqr$
& 1 68 $\mathrm{A}^{\mathrm{a}^{\vee}}C$
$e[ \Sigma(p, q, r), \alpha]=\frac{\delta}{4pqr}$
21
.$\mathbb{Z}[\zeta_{d}]$ $\mathbb{Q}(\zeta_{d})$ . Borel [8], Merkurjev-
Suslin[19], Levine[18] ,
$K_{3}(\mathbb{Z}[\zeta_{d}])=\mathbb{Z}/w_{2}(d)\oplus \mathbb{Z}^{f}2$
. $w_{2}(d)=1\mathrm{c}\mathrm{m}(24,2d)$ , $r_{2}$ $\mathbb{Q}(\zeta_{d})$ $\mathbb{C}$
complex embedding . $(6, d)=1$ , $K_{3}(\mathbb{Z}[\zeta_{d}])$
$\mathbb{Z}/24d$ .
7. $(6, d)=1$ , $[\Sigma(2,3, d), \alpha]\in K_{3}(\mathbb{Z}[\zeta_{d}])$
$\mathbb{Z}/24d$ $\alpha$ : $\pi_{1}\Sigma(2,3, d)arrow SL_{2}(\mathbb{Z}[\zeta_{d}])$ .













. Hurewicz , $H_{1}(X, \mathbb{Z})=0$ .
, $\pi_{1}X$ 2-cell $e_{1}^{2},$ $\cdots,$ $e_{n}^{2}$ $X$
.
$\mathrm{Y}=X\cup.(\bigcup_{\dot{l}}e_{1}^{2}.)$








. $\alpha_{i}$ $a_{i}$ : $S^{2}arrow \mathrm{Y}$ .
3-cell ,
$X^{+}= \mathrm{Y}\cup(\bigcup_{j}e_{j}^{3})=X\cup(\bigcup_{i}e_{i}^{2})\cup(\bigcup_{j}e_{j}^{3})$
. $X$ Quillen ,
(i) $X^{+}$ .
(ii) $Xarrow X^{+}$ .
, $\pi_{1}X$ $\Gamma$ ( $\Gamma=[\Gamma,$ $\Gamma]$ )
, $X$ 2-cell 3-cell ,
$X^{+}$ $f$ : $Xarrow X^{+}$ :
(i) $\pi_{1}f$ : $\pi_{1}Xarrow\pi_{1}X^{+}$ .
(ii) $\mathrm{K}\mathrm{e}\mathrm{r}\pi_{1}f=\Gamma$ .
(iii) $X^{+}$ $L$ $f_{*}$ : $H_{*}(X, f^{*}L)arrow H_{*}(X^{+}, L)$
.
Quillen $GL(R)=\underline{1}\mathrm{i}BGL_{N}(R)$ $X=BGL(R)$
$\Gamma=$ $E_{N}(R)$ ( $E_{N}(R)=\{I+rE_{ij}\in GL_{N}(R)|i\neq j, r\in R\}$ ,
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